To determine the dynamic demand for support design under rockburst conditions, one of the most important issues is the prediction of ground motion parameters at the site of interest. Field monitoring has shown that the peak ground motion at the surface of an excavation in fractured rock is preferentially amplified compared to the motion in solid rock at a similar distance from the source. However, the traditional scaling laws used in rock support design do not account for the effect of free surface (excavation) and fracturing of rock. Recent studies have shown that high ground motion might be generated when a seismic wave crosses through fractures near a free surface in fractured rocks which is very complex and is not well understood. In this paper, particle velocity amplification was theoretically studied by investigating the dynamic interaction between seismic wave and multiple fractures near a free surface using the method of characteristics and the displacement discontinuity model. A harmonic load was applied on a model with a fractured zone near a free surface to investigate this phenomenon. After the harmonic wave propagated normally through multiple parallel fractures, the velocity amplification factor (VAF) was calculated as a function of the ratio of the magnitude of the peak particle velocity at the free surface of the model to the peak input velocity. The VAF can be as high as 3.77 and varies depending on the state of the fractured rock and the characteristics of the seismic wave. Parameter studies were conducted to investigate the effects of seismic load and multiple fractures on wave propagation, especially in terms of the wave frequency, the fracture spacing, the number of fractures and the stiffness of fractures. The results have proved that the interaction of the seismic wave and multiple fractures near the free surface strongly influences the ground motion. Quantitative relationships between the various influential factors and the corresponding VAF were developed. It is anticipated that such relationships can provide criteria to improve the current design procedures and help mining engineers to improve their rock support practice for rockburst-prone areas. 
Introduction
Rockbursts, defined as damage to an excavation associated with a seismic event, are major hazards in deep underground mines. The majority of casualties are caused by the failure of the "skin" of the stope or tunnel (Durrheim et al. 1996) .
To mitigate the risk of seismically induced damage in deep underground mines, ground support is generally employed. The most widely used support design criterion under dynamic loading conditions is the energy-based design criterion, meaning the kinetic energy (plus potential energy if a gravity component is considered) of key rock blocks should be absorbed by a properly installed rock support system. Based on that criterion, the design methods for rock support were first proposed by Wagner (1984) and later improved by others such as Roberts and Brummer (1988) and Kaiser et al. (1996) . The kinetic energy is directly proportional to the mass of rock ejected and the square of the ejection velocity. A common assumption is that the rock ejection velocity is equal to the peak particle velocity (PPV) (Wagner 1984; Roberts and Brummer 1988) . This assumption is based on the observation that the dominant wavelengths from remote seismic events are typically much longer than the tunnel or drift dimensions and that wave reflections can be ignored. These assumptions were confirmed by Yi and Kaiser (1993) with a theoretical evaluation of rock ejection from passing seismic waves by assuming rock as an elastic continuous medium and it showed that ejection velocities under typical mining and seismicity conditions (dominant frequencies less than about 100 Hz) were less than, but close to the PPV. However, in most seismically active mines, the rock near the excavation surface is highly fractured and can not be simplified as an elastic continuous medium. The dynamic response of the fractured rock surrounding an excavation was poorly understood due to lack of cost-effective strong ground motion monitoring and recording systems in the past.
The amplification of wave motion of the walls of excavations was first observed and reported by Durrheim et al. (1996) at Blyvooruitzicht Gold Mine in South Africa. Peak velocity and acceleration parameters at the surface of an excavation were 4-10 times greater than that measured in the solid rock (Durrheim et al. 1996) . Cichowicz et al. (2000) also reported that the peak ground motion is up to five-fold greater on the skin of the hanging wall than 6.5 m in the solid rock at Tau Tona Mine, South Africa. Later, extensive underground measurements of the PPVs were carried out at 58 sites at Tau Tona, Driefontein, Mponeng, Kloof, Harmony-Orkney, Harmony-Welkom and Bambanani gold mines in South Africa (Milev and Spottiswood 2005) . Peak velocities measured on the skin of the excavations were found to be 9 ± 3 times on average higher than those in the solid rock inferred from the seismic data from all mines studied. The observed amplification is considerably greater than the two times amplification expected at a free surface. The effect is, additionally, although indirectly, confirmed by back analyses of ejection velocities of rock blocks which sometimes are of an order of 10 m/s and greater (Ortlepp 1993; Stacey and Rojas 2013) . In practice, the ejection velocity is sometimes approximately calculated by multiplying the incoming PPV with a site effect factor (i.e. velocity amplification factor). Considering the possible contribution of stored strain energy around an opening which can be transferred to the ejected rock, Kaiser et al. (1996) suggested an ejection velocity factor of between 1 and 4. The site effect on velocity amplification has been quoted as about 2 or less in Western Australian hard rock mines, as the fracture zone is more likely to be less than a metre and rarely more than 2 m (Potvin et al. 2010 ). An average site effect factor of 3 was suggested for Long-Victor Mine, Australia by Mikula (2012) according to his experience. This effect is not well investigated, but amplification of the ground motion by a factor of up to 10 times is considered possible (Milev and Spottiswood 2005) .
Different mechanisms have been suggested to explain the source for this phenomenon. Durrheim et al. (1996) explained that the amplification of the ground motion may be due to the resonance of fractured rock or the trapping of energy in the fractured rock around the excavation by multiple reflections and the generation of surface waves. Later in their another paper (Linkov and Durrheim 1998) , they overrode the resonance explanation and stated resonance is not considered to be a likely mechanism as there is not sufficiently long periodic excitation during a seismic event. The hypothesis of trapping of energy was also questioned as it can not explain the fact that the amplification occurs both at surfaces with nearby cracks parallel and perpendicular to them. The common observation of slab buckling in the sidewalls of damaged excavations suggests that slab flexure may be the mechanism for causing high rock ejection velocities. Following its formation, McGarr (1997) proposed a mechanism of energy release due to slab buckling and explicitly derived an equation to calculate the ejection velocity. The buckling mechanism only considers the geometrical nonlinearity appearing in slab flexure, which ignores the physical nonlinearity of highly compressed rock. An alternative mechanism of energy release, which emphasises the role of softening at interacting surfaces of cracks or/and blocks was further proposed by Linkov and Durrheim (1998) . The amplification due to physical nonlinearity at interacting softening surfaces is accounted for, but this mechanism only explains amplification in the frequency range above 5000 Hz for cracks with sizes of 0.2 m to 1.0 m. The effect of amplification, observed in mines, usually occurs at a frequency of about 500 Hz or less which is an order less than the given estimate. In addition, buckling and softening occurs in a limit state, and hence the implication of the mechanisms applies to only stressed rock conditions. It might be an explanation in certain cases of stressed rock surrounding excavations, but it can not explain the ejection behaviour observed in unloaded conditions (Stacey and Rojas 2013) . By explicitly coupling the fractures in the numerical model, Hildyard (2007) studied wave interaction with underground excavations in fractured rock and applied it to the rockburst problem in deep-level mining conditions. He concluded that fracturing and the excavation itself can provide explanation on this apparent amplification.
The effects of a single fracture on wave propagation were extensively investigated experimentally and theoretically using the displacement discontinuity model (PyrakNolte et al. 1990 ). Due to the complexity of multiple wave reflections between fractures, an approach was developed by combing the displacement discontinuity model and the method of characteristics to investigate the effects of multiple parallel planar fractures with linear deformable behaviour on normally incident one-dimensional wave attenuation by Cai and Zhao (2000) . This approach was later adopted and further improved by Zhao et al. (2006 Zhao et al. ( , 2008 to investigate the P-wave transmission across nonlinear deformable fractures and S-wave transmission across parallel fractures with Coulomb slip behaviour. These studies have mainly focused on the prediction of wave attenuation across fractured rock masses. In fact, the fractures also amplify seismic wave when the fractures are located near a free surface. This has been observed by field monitoring (e.g. Durrheim et al. 1996; Cichowicz et al. 2000) and proved by numerical modelling (Zhang et al. 2015) .
As the amplification of the ground motion is a critical and rather complex phenomenon and is affected by many factors, such as the presence of the free surface, fractured rock surrounding the excavations and the geometry of the excavation, as a first attempt, only the free surface and fracturing of rock are considered in this theoretical study. The velocity amplification was investigated using the method of characteristics and the displacement discontinuity model. The theoretical solution was obtained by solving a set of recurrence equations and considering the free surface boundary condition. The effects of fracture spacing, wave frequency, fracture stiffness and fracture number on the velocity amplification factor (VAF) were investigated with the help of the theoretical solutions. Quantitative relationships between various influential factors and the corresponding VAF were developed and a new approach to obtain VAF for improving support design under seismic conditions was proposed.
Theory Background
The theoretical two-dimensional model with a fractured zone near a free surface (right boundary) is illustrated in Fig. 1 . The model was used to investigate the velocity amplification phenomenon at a free surface. The material is assumed to be unbounded to the top and bottom and the distance between the left and right boundary is far enough and hence the reflected wave from the right boundary will not superpose the incident wave at the left boundary. The fractures are assumed to be dry, planar, persistent and parallel. The incident seismic wave is assumed to be normal to the fractures as it causes the largest amplitude of the transmitted wave compared to an inclined incident seismic wave. As the motion of the material can only occur along one direction (x direction), it generates one-dimensional waves.
Method of Characteristics
The method of characteristics has been widely used in solving practical one-dimensional wave problems and also helps to explain the boundary and initial conditions that must be prescribed in such problems (Bedford and Drumheller 1994) .
The one-dimensional wave equation is:
where u denotes the particle displacement of an elastic material, denotes the compressional wave velocity, x denotes the position and t denotes the time. By introducing the following variables v = u∕ t and = u∕ x , Eq. (1) can be re-written as a first-order equation where v denotes the particle velocity and denotes the strain.
The variables v and are related by Therefore, a system of two first-order equations, Eqs. (2) and (3), is obtained which can replace the second-order wave Eq. (1). Suppose that v( x, t) and ( x, t) are the solutions of Eqs. (2) and (3) in the x − t plane. The change in the quantity v − from the point x , t to the point x + dx , t + dt is defined as:
According to Eqs. (2) and (3), Eq. (4) can be re-written as
This means that the quantity v − is constant along any straight line with slope in the x − t plane. Similarly, the quantity v + is constant along any straight line with slope − in the x − t plane. The straight lines with slope and − in the x − t plane are called the right-running and left-running characteristics of the one-dimensional wave equation.
The product of the seismic impedance Z = and the term is where is the stress, is the density of the material, and are the Lame's constants of the material. Note that this equation adopts the conventional geomechanics sign convention wherein the tensile stresses are considered to be negative and compressive stresses are positive.
Multiplying v − and v + by Z , the following relations are obtained: along the right-running and left-running characteristics, respectively.
Equations (8) and (9) have been widely used to analyse one-dimensional wave propagation normal to welded interfaces in layered media (Bedford and Drumheller 1994) .
Displacement Discontinuity Model
The seismic response of a fracture is well-represented by the displacement discontinuity model (Pyrak-Nolte et al. 1990; Pyrak-Nolte 1996) , i.e. a non-welded contact which is assumed to have negligible thickness compared to the seismic wavelength. A non-welded contact is treated as a displacement discontinuity, across which the stresses are continuous but the particle displacements and particle velocities are not. When an excavation is situated far from a seismic event, the magnitude of the stress wave when it reaches the excavation is generally too small to mobilize nonlinear deformation of the fractures, so linear fracture behaviour is assumed in the present study. The displacement across the non-welded contact is discontinuous by an amount inversely proportional to the specific stiffness of a fracture which can be expressed as:
where k is the specific stiffness of the fracture and subscripts 1 and 2 refer to the elastic materials on both side of the fracture. A physical analogue of the displacement discontinuity model is two elastic half-spaces coupled by springs, in which the fracture-specific stiffness is analogous to the spring constant per area for a set of distributed springs (Pyrak-Nolte 1996).
One-Dimensional Wave Propagation Through Fractured Rock
By combining the method of characteristics and the displacement discontinuity model, wave attenuation normally through multiple parallel fractures can be theoretically investigated (Cai and Zhao 2000) . In fact, the approach is suitable for analyses of both P-and S-waves. The only difference is that different boundary conditions should be adopted when examining P-and S-waves. The normal stress, normal displacement and the corresponding normal stiffness of the fracture in Eq. (10) should be used when P-wave propagation is studied. Similarly, the shear stress, shear displacement and the corresponding shear stiffness of the fracture in Eq. (10) should be used when S-wave propagation is studied. In this paper, the derivation of wave propagation is demonstrated by P-wave, but the theoretical results obtained from this study can be applied both for P-and S-waves.
Equations (8) and (9) representing the relations between v and are further derived to calculate the one-dimensional wave propagation normal to non-welded fractures by considering the displacement discontinuity model. Here, a general case is considered, meaning that different rock materials on the two sides of each fracture exist with seismic impedance Z − (n) and Z + (n) . The stiffness of the n th fracture is represented as k(n) and the spacing between every two adjacent fractures is set uniformly. In the x − t plane, new independent variables j and n are imported and defined by:
where Δt is the time interval, Δl is the thickness between two adjacent layers, j and nare integer variables. A finite number of bonded layers with the left boundary of the first layer at n = 0 and the right boundary of the last layer at n = L∕ Δl ( L is the distance between the left and right boundary) can be defined within the studied body. The interface between the layers could be fractures or welded interfaces, which can be treated as fractures with infinite fracture stiffness. It is assumed that the time interval Δt can be chosen so that fractures only exist at integer values of n . According to Eqs. (11) and (12), right-and left-running characteristics meet at points defined by integral values of j and n , as seen in Fig. 2 . Particle velocities and stresses are calculated at these points. With Eqs. (8) and (9), the relationships between the values of v and at the points shown in Fig. 2 can be obtained. Along right-running characteristic ab and left-running characteristic ac shown in Fig. 2 , two relations can be built:
where v − (n, j + 1) and v + (n, j + 1) are particle velocities at time j + 1 before and after the fracture at distance n , − (n, j + 1) and + (n, j + 1) are stresses at time j + 1 before and after the fracture at distance n . Notice that Z − (n + 1) is equal to Z + (n) which has been used when deriving Eqs. (13) and (14).
Based on the displacement discontinuity model, the two equations can be obtained:
The derivative of Eq. (16) (13), (14) and (19), particle velocities and stress at point a can be derived To determine particle velocities and stresses at any point in the studied body, an iterative computation is needed to solve Eqs. (20), (21) and (22) by considering the boundary conditions. The initial conditions v + (n, 0) , v − (n, 0) and (n, 0) must be specified. The calculations can be carried out in any order for all values of n , except n = 0 and n = L . At the left boundary, n = 0 , Eq. (14) must be used and either v + (0, 1) or (0, 1) must be specified. Similarly, at the right boundary, n = L , Eq. (13) must be used and either v − (L, 1) or (L, 1) must be specified.
Theoretical Model and Parameters

Model Description
The theoretical model is illustrated in Fig. 1 , in which a fractured zone is located near the right boundary. To facilitate the illustration, a dynamic load was normally applied at the entire left boundary of the model, and hence only a P-wave was generated and propagated through the model.
Fractures with regular spacing were located near the right boundary. The fractures were assumed to be dry, planar, persistent and parallel. It is assumed that all fractures had the same fracture stiffness. The incident seismic wave is assumed to be normal to the fractures as it causes the largest amplitude of transmitted wave compared to an inclined incident seismic wave. The dynamic load was expressed as time histories of particle velocity following a half-cycle sinusoidal function. Therefore, the boundary condition v + (0, j) was assigned at the left boundary x = 0 . The right boundary was free of restraint to simulate the real free surface and hence
.
the boundary condition at the right boundary x = L was specified as stress (L, j) = 0.
Parameters
The properties of the rock material adopted in the study were from LKAB's Kiirunavaara underground mine (Malmgren and Nordlund 2008) and are listed in Table 1 . Even though the theoretical model can consider different rock materials between layers, homogeneous rock properties were used in this paper, meaning the seismic impedance was constant between layers, Z − (n) = Z + (n) = Z. The ratio of the stress to displacement is called the specific stiffness of the fracture (interface) and it characterizes the elastic properties of a fracture (Pyrak-Nolte et al. 1990 ). Bandis (1980) investigated the effects of different rock types on normal stiffness of fractures including sandstones, siltstones, limestones, dolerites, and slates. For weathered, moderately weathered and fresh rocks, the average third cycle initial normal stiffness values of roughly 16 to 266 GPa/m, correspond to effective normal stresses in the lowest possible range of 0-1 MPa. GomezHernandez and Kaiser (2003) investigated the influence of ground support on the magnitudes of "bulking" near excavation boundary and classified the ground support pressure for different types of ground support. The ground support pressure falls in the range of 0-0.5 MPa from no support to heavy and strong support conditions. Within the fractured zone near an excavation boundary, the rock mass becomes a disintegrated assembly of fractured rock. The normal stress applied on the fractures could be as low as zero to several MPa and the normal fracture stiffness of fractures could be around ten to several hundred GPa/m. To cover a wide range of fracture stiffness, the values chosen for this investigation were in the range from 5 to 1000 GPa/m.
For mining-induced seismicity problem, the rock mass near the excavation surface is very much fractured due to high in situ and mining-induced stresses. The fracture spacing in general is small and varies from several centimetres to tens of centimetres according to field investigation. The fracture spacing chosen in this study varied from 0.05 to 4 m considering the stress-induced fractures and naturally existing discontinuities. Potvin et al. (2010) reported that the fracture zone is more likely to be less than a metre and rarely more than 2 m for Western Australian hard rock mines. Simser (2012) suggested that the depth of the fractured zone could be assumed to be one-third of the excavation span. The span of a normal drift in most underground mines is equal or less than 7 m. On the basis of the literature, the numbers of fractures chosen in this study are 1, 2, 4, 8, 16, 32 and 40, which cover the depth of the fractured zone mentioned in the literature for different fracture spacings except the smallest fracture spacing, 0.05 m.
Based on the investigation of seismic source parameters of typical mining-induced damaging seismic events, it is found that the corner frequency of seismic events falls into the range of 10-1000 Hz when the local magnitude is within the range of − 2 to 3. Different wave frequencies used in the modelling varied from 10 to 1000 Hz to cover the range reported. Since the focus of this work was to study how a seismic wave interacts with fractures and a free surface, the intrinsic material damping was ignored. In this case, the wave attenuation or amplification was only caused by the fractures and free surface. All of the parameters used in this study are listed in Table 1 .
Calibration of the Theoretical Model
To obtain sufficient accuracy of the numerical results of v − (n, j + 1) and v + (n, j + 1) , it is extremely important to choose a small time interval Δt when computing Eqs. (20) and (21). However, a large amount of computation time is required when an extremely small time interval is used. According to Eq. (12), small time interval Δt means small thickness Δl between two adjacent layers. The effect of layer thickness Δl has been investigated by Cai and Zhao (2000) by varying the layer thickness. By considering both computation efficiency and accuracy, Δl = Λ∕ 100 was suggested ( Λ is the incident wavelength). However, the defined smallest fracture spacing was 0.05 m in this study. To examine such small fracture spacing, for a medium wave frequency of 100 Hz, the layer thickness should be set as small as Δl = Λ∕ 1120 which was adopted in this paper. For wave frequency lower than 100 Hz, extremely small layer thickness was chosen to consider the effect of smaller fracture spacing (e.g. 0.05 m, 0.1 m).
The theoretical model and programming was then checked and calibrated by investigating two cases. The first case was to study the wave transmission across a single fracture. The fracture was then located in the middle of the model instead of near the free surface. The expression of transmission coefficient for normally incident one-dimensional wave propagating across a linearly deformable fracture is found in Eq. (23) (Pyrak-Nolte et al. 1990 ):
where | | T 1 | | is the transmission coefficient of seismic wave across a single fracture, is the angular frequency of the seismic wave. The magnitude of the transmission coefficient was then calculated after the wave had crossed the fracture. The comparison between computed result and analytical solution as a function of Z∕ k is presented in Fig. 3 . It is found that the computed result shows good agreement with the analytical solution, meaning the theoretical model was derived correctly and the programming was well conducted.
The second case was to study the wave reflection at a free surface. It is known that when an incident compressive stress wave passes homogeneous, isotropic and elastic material and reaches a free surface normally, the wave is reflected as a tensile wave at the free surface. The reflected wave and the tail of the incident wave are then superimposed. The PPV at the free surface hence is doubled. The velocity amplification factor at the free surface then becomes 2. Figure 4 shows the velocity-time curves defined at the left boundary and calculated at the right boundary (free surface) from the theoretical model. The computed velocity amplitude has been doubled at the free surface. Again, it is proved that the theoretical model was built correctly and the programme was working properly. The theoretical model was then used to study the velocity amplification of the seismic wave through parallel fractures near a free surface in a fractured rock.
Results and Analyses
The peak particle velocity (PPV) of ground motion has been widely accepted as the representative parameter for defining dynamic design load in rock support design (Kaiser and Maloney 1997) . Therefore, only the peak particle velocity was analysed in this paper. The magnitude of the velocity amplification factor (VAF), defined as the ratio of wave amplitude at the free surface of the model and the applied incident wave amplitude was investigated. The VAF at a free surface is 2 and is independent of wave frequency in homogeneous, isotropic and elastic rock. However, the VAF is not constant when the seismic wave propagates in a fractured rock mass. Zhang et al. (2015) investigated the wave amplification through numerical modelling and found that the degree of velocity amplification appears to be dependent on the frequency of the incident seismic wave, the fracture spacing, the fracture stiffness and the thickness of the fractured zone around an excavation, which were theoretically investigated in the following sections. To analyse the combined effect of fracture spacing and wavelength, a non-dimensional fracture spacing (the ratio of fracture spacing to incident wavelength) is used (e.g. Cai and Zhao 2000) .
where s is the fracture spacing, Λ is the incident wavelength and f is the wave frequency.
When Pyrak-Nolte et al. (1990) studied the transmission of seismic waves across a single natural fracture, they found that the transmission and reflection coefficients of seismic waves depend on the specific stiffness of the fracture, the seismic impedance of the material and the frequency content of the signal, which can be expressed as the function of a normalized variable Z∕ k . The frequency is then normalized by the ratio of the fracture
specific stiffness to the seismic impedance. To develop quantitative relationships between various influential factors and the corresponding VAF values, the normalized frequency and normalized fracture spacing were used in this study. Figure 5 shows the relationship between VAF and fracture spacing (expressed as the non-dimensional fracture spacing) when there are eight fractures in the fractured zone near the free surface. The fracture stiffness was 50 GPa/m and the frequency of the incident wave was set as 100 Hz. As can be seen from Fig. 5 , the VAF values vary with the fracture spacing and are larger than 2 within the investigated parameter range. With the increase of fracture spacing, the VAF first increases quickly until it reaches a peak and then starts to drop slowly. A critical value (ξ cri ) is defined in this paper at which the peak VAF appears. In this case, the critical non-dimensional fracture spacing ξ cri is 0.005 and the corresponding maximum VAF is 2.84. Figure 6 shows the VAF as a function of fracture spacing for different wave frequencies. The fracture stiffness was 100 GPa/m and the number of fractures in the model was eight. As seen in Fig. 6a , the curves end at different nondimensional fracture spacings within the studied fracture spacing ranges (0.05-4 m) using Eq. (24). It has to be mentioned here, when the curves end for frequencies of 500 and 1000 Hz, the corresponding fracture spacings are 2 m and 1 m which are smaller than the specified maximum fracture spacing of 4 m. The reason is that the VAF is already lower than 2 for both cases indicating the wave attenuation is making major effect which is out of the scope of this paper. To facilitate the comparison, larger fracture spacings were also investigated for frequencies lower than 250 Hz and the curves with extra data are presented in Fig. 6b . To highlight the importance of velocity amplification and make the figure clearer, the non-dimensional fracture spacing is limited and less than 0.08 in Fig. 6b and also in the following sections. From Fig. 6 , it is clear that the VAF as a function of nondimensional fracture spacing for different wave frequencies follows the same trend. The VAF first increases with the nondimensional fracture spacing and then reaches a peak value; after that, it starts to drop. However, the curve representing the variation of VAF with respect to non-dimensional fracture spacing presents different slopes for different wave frequencies. When the wave frequency is low, the slope of the curve is flat, indicating low sensitivity of the VAF with respect to the nondimensional fracture spacing. With the increase of the wave frequency, the slope of the curve becomes steeper, indicating that the VAF is very sensitive to the non-dimensional fracture spacing, especially for small values of the non-dimensional fracture spacing. Furthermore, when the non-dimensional fracture spacing is the same, the VAF is in general increasing with the wave frequency when the non-dimensional fracture spacing is less than 0.031. When the non-dimensional fracture spacing is larger than 0.031, the curves with higher wave frequencies (e.g. 1000 Hz) drop quicker than those with lower wave frequencies and hence the VAF values for higher wave frequencies become lower than those of lower wave frequencies. When the non-dimensional fracture spacing is larger than 0.054, the effect of wave frequency on VAF decreases. It is noted in Fig. 6a that the VAF becomes even lower than 2 when the non-dimensional fracture spacings are 0.161, 0.107 and 0.080 for the wave frequencies 250, 500 and 1000 Hz, respectively. In this case, the interaction of waves and fractures is much more complicated and the wave is largely attenuated when crossing multiple fractures.
Effect of Fracture Spacing on VAF
Effect of Wave Frequency and Fracture Stiffness on VAF
Wave Frequency
The VAF reaches the highest value (3.77) when the wave frequency is 1000 Hz for the studied fracture stiffness, number of fractures and the range of the non-dimensional fracture spacing. The critical non-dimensional fracture spacing (ξ cri ) decreases with the increasing wave frequency from 0.013 (f = 10 Hz) to 0.0009 (f = 1000 Hz). The corresponding fracture spacing decreases from 0.8 to 0.05 m. It is noted that the peak of the curve does not appear when the wave frequency is 1000 Hz in the studied fracture spacing range indicating that the VAF could be even higher when the fracture spacing is smaller than 0.05 m. Figure 7 shows the VAF as a function of the non-dimensional fracture spacing for different fracture stiffness values. The frequency of the incident wave was set to 100 Hz and the fracture number in the model was 8. As seen from Fig. 7 , the variation trend between the VAF and the non-dimensional fracture spacing is quite similar for different fracture stiffness values. There is only one exception, for a fracture stiffness 5 GPa/m. The peak value of the curve does not appear, and the VAF decreases with the increase of the non-dimensional fracture spacing within the studied parameter range. Again, the slope of the curves is different for different fracture stiffness values both in the ascent and descent stages indicating the VAF has different sensitivity to the non-dimensional fracture spacing. The higher the fracture stiffness value, the lower the sensitivity of VAF. For a fixed non-dimensional fracture spacing, the VAF decreases with increasing fracture stiffness except for fracture stiffness 5 GPa/m after the curve intersects the others. The critical non-dimensional fracture spacing (ξ cri ) increases with increasing fracture stiffness. When the fracture stiffness is higher than 1000 GPa/m, the effect of fractures diminishes and the VAF is almost constant with respect to the non-dimensional fracture spacing.
Fracture Stiffness
Normalized Wave Frequency
When comparing Figs. 6b and 7, it is worth noting that some of the curves are showing the same values at different wave frequencies and fracture stiffness values. For example, the curve in Fig. 6b where the fracture stiffness is 50 GPa/m and the wave frequency is 1000 Hz is the same as the curve in Fig. 7 where the fracture stiffness is 5 GPa/m and the wave frequency is 100 Hz. Using the variable Z∕ k , the wave frequency can then be normalized by defining the ratio of the product of the angular frequency of the seismic wave and the seismic impedance of rock to the fracture specific stiffness. Therefore, the combined effect of wave frequency and fracture stiffness on VAF can be investigated. Figure 8 shows the VAF as a function of fracture spacing for different normalized wave frequencies Z∕ k . The fracture number was set to 8. When the normalized wave frequency is low (in this case, lower than 0.01), the VAF is almost constant and close to 2 within the studied parameter range, meaning that the effect of the fractured zone with high fracture stiffness on low frequency waves is almost negligible near a free surface. With the increase of normalized wave frequency Z∕ k , the VAF in general is increasing especially when the non-dimensional fracture spacing is small, but the corresponding critical non-dimensional fracture spacing (ξ cri ) is decreasing. This means that when a high frequency wave crosses multiple fractures with low fracture stiffness near a free surface, it can cause large wave amplification especially when the fracture spacing is small.
Effect of Fracture Number on VAF
Since the fractures in the theoretical model were located near a free surface with a regular spacing, the thickness of the fractured zone was proportional to the number of fractures when the fracture spacing was kept constant. Therefore, the effect of the thickness of the fractured zone can also be studied by investigating the effect of fracture number. The VAF as a function of fracture spacing for a different number of fractures is shown in Fig. 9a -c when the normalized wave frequencies Z∕ k was set to 0.01, 0.1 and 1.
The change of fracture numbers did not change the trend of the VAF as a function of non-dimensional fracture spacing. In general, the VAF first increases and then decreases with the increase of fracture spacing. When fracture spacing is fixed, it is obvious that the VAF increases with the increase of fracture numbers especially when the non-dimensional fracture spacing is small. This relationship changes with the increase of the non-dimensional fracture spacing, becoming obvious when the normalized wave frequency is higher than 1 (see Fig. 9c ). The maximum VAF is obtained for the maximum number of fractures but then it drops sharply with the increase of the non-dimensional fracture spacing and becomes even lower than that for small fracture numbers. This indicates that wave attenuation dominates when passing multiple fractures with larger spacing. When the non-dimensional fracture spacing is larger than With the increase of fracture numbers, the shape of the curves changes gradually. When the fracture number is small, the curve is flat; when fracture number is large, the curve becomes steep. This means that the VAF is sensitive to fracture spacing when the fracture number is large, especially for small non-dimensional fracture spacing. The critical value of the non-dimensional fracture spacing (ξ cri ) for each curve decreases with increasing fracture number. For example, the critical non-dimensional fracture spacing (ξ cri ) drops from 0.116 for 1 fracture to 0.003 for 32 fractures when the normalized wave frequency is 0.01.
To find a maximum value within the studied range of fracture numbers, an envelope of maximum VAF is plotted in Fig. 9 as a solid blue line. It seems that the maximum VAF follows the curve of the largest number of fractures when the normalized fracture spacing is small and when the normalized wave frequency is low. With the increase of the normalized wave frequency, the envelope of maximum VAF first follows the curves of the largest number of fractures and then the lower number of fractures.
Selection of VAF
In rock support design under rockburst conditions, it is important to consider the velocity amplification of the seismic wave when it approaches an excavation surface. However, it is very difficult to determine the number of fractures within the fractured zone behind the excavation surface. Rockburst statistics show that 90% of the rockburst fatalities occurring in Ventersdorp Contact Reef and Carbon Leader Reef stopes were caused by rock falls less with a thickness of 1.6 m (Roberts 1995 5 m by 5 m underground drift, the maximum depth of the fractured zone can be assumed to be 1.6 m (Simser 2012) and the minimum fracture spacing can be assumed to be 0.05 m, so that the maximum number of fractures within the fractured zone is 32 which has been investigated in this study. By looking at the curves in Fig. 9 , the envelope of the maximum of VAF could be obtained for each normalized wave frequency and it is redrawn in Fig. 10 . Figure 10 shows the maximum of VAF as a function of non-dimensional fracture spacing for different normalized wave frequencies. The combined effects of fracture spacing, number of fractures, fracture stiffness and wave frequency are all considered using the maximum VAF and normalized variables in Fig. 10 . Therefore, the chart obtained can be referred for selection of VAF for designing rock support under seismic conditions.
Using the chart proposed in Fig. 10 , the procedure for selection of VAF in rock support design is listed as follows:
1. Define the corner frequency of a designed seismic event for an acceptable probability of occurrence or a desired confidence level. 2. Assess the average fracture stiffness and average fracture spacing of the fractured rock or natural discontinuities near a designed excavation boundary. 3. Calculate the normalized wave frequency using the defined corner frequency and the assessed fracture stiffness. Select the curve corresponding to the normalized wave frequency in Fig. 10 . 4. Calculate the non-dimensional fracture spacing and use the selected curve to obtain the required value for VAF.
As fracture stiffness, fracture spacing and corner frequency normally fall into ranges, it is also possible to use the chart to get the range of the designed VAF. It should be noted that the chart gives the maximum value for VAF at specified variables, therefore, the obtained VAF using this method might give the upper limit of the actual VAF.
Discussion
Interaction of Wave and Multiple Fractures
It is known that the presence of fractures affects the wave propagation. In most cases, the wave is attenuated by multiple fractures when it crosses through fractured rock masses. In rock engineering applications, there is a great concern about how much a seismic wave is attenuated after crossing a fractured rock mass. As a consequence, many researchers have studied wave propagation through multiple fractures using laboratory, theoretical, and numerical methods.
When fracture spacing is large and wave frequency is high enough, i.e. large ξ, the effect of multiple reflections between fractures on wave amplitude can be ignored. Multiple fractures hence behave as a damper and the wave is normally attenuated. However, when ξ is small, for small fracture spacing and relatively low wave frequency problem, the wave superposition of transmitted waves caused by inter-fracture reflections becomes strong. The magnitude of velocity for a transmitted wave across parallel fractures in some cases might be higher than that of the incident wave (Zhao et al. 2008) . Furthermore, when the wave meets the free surface, the reflected wave and the tail of the incident wave are superimposed at the free surface, which causes great amplification of the peak particle velocity.
Using a theoretical model with a fractured zone simulated explicitly, the interaction of wave and multiple fractures near a free surface was investigated theoretically. Velocity amplification has been proved by the theoretical model. The highest velocity amplification factor (VAF) obtained in this study is 3.77 but the result was obtained within the studied parameters range. As can be seen from the analysis (Figs. 6, 7, 8) , the peak of VAF did not appear for some curves within the studied parameter range, meaning even higher VAF is possible for some cases (e.g. higher frequency, smaller fracture spacing, lower fracture stiffness, more fracture numbers). It also tells us that the VAF is site-specific.
The approach adopted in this study was to focus on the velocity at the free surface of the model resulting from the superposition of multiple reflected and transmitted waves, regardless of the detailed process of wave superposition.
Influential Factors on VAF
Based on the theoretical analysis, it is found that VAF is influenced by many factors, including fracture stiffness, fracture spacing, fracture number (thickness of fractured zone) and wave frequency. The dependence of VAF on fracture spacing is governed by the ratio (ξ) of fracture spacing to the incident wavelength. A critical value (ξ cri ) is also identified. When ξ < ξ cri , the velocity amplification factor increases with increasing ξ. When ξ > ξ cri , the VAF decreases with increasing ξ. The critical value (ξ cri ) increases with increasing fracture stiffness, decreasing wave frequency and decreasing fracture number within the investigated parameters range.
By defining a normalized wave frequency, the combined effects of wave frequency and fracture stiffness on VAF have been considered. With the increase of normalized wave frequency Z∕ k , the VAF in general is increasing, especially when the non-dimensional fracture spacing is small, but the corresponding critical non-dimensional fracture spacing (ξ cri ) is decreasing. For a typical fracture stiffness (e.g. 50 GPa/m) of rock mass, it has been found that the VAF has a higher value for a large range of fracture spacing when the wave frequency falls within the range of 100-500 Hz (see Fig. 6 ). Even though the highest VAF value could appear when wave frequency is higher than 500 Hz, it drops quickly with the increase of fracture spacing. Furthermore, a high frequency wave is subjected to material damping which has not been considered in this study, and hence it could be anticipated that the actual VAF at a high wave frequency situation can be lower than that calculated from the theoretical model. Therefore, a strong amplification in general could occur when wave frequency falls into the range from about 100 to 500 Hz for a common fractured rock condition. As this frequency range is influenced by fracture stiffness, fracture spacing and number of fractures, the exact value can only be determined based on the field investigation and it is possible that the actual figure is beyond the range. Durrheim et al. (1996) observed resonances at the frequencies in the range of 400-1000 Hz based on the field measurement at Blyvooruitzicht Gold Mine. Cichowicz et al. (2000) revealed that strong resonances appear around 160 Hz and in the range of 200-300 Hz after analyzing the changes in signal properties between hanging wall geophones installed at Tau Tona Mine in South Africa. Later, Cichowicz (2001) analysed a set of data from Mponeng and East Driefontein Mines and further stated that no resonance was observed in the frequency range from 10 to 100 Hz, hence site amplification does not take place within frequency bands controlled by the dominant signal of large seismic events. Durrheim (2012) concluded that the site amplification factor depends on wavelength, with a maximum amplification factor for a wavelength of about 30 m, which corresponds to the wave frequency of 150-200 Hz assuming a P-wave velocity of 4500-6000 m/s. These observations have been helpful in supporting the conclusion drawn from this theoretical study regarding the effect of wave frequency.
For a constant wave frequency, the VAF decreases with increasing fracture stiffness and it approaches 2 when fracture stiffness is extremely high (larger than 1000 GPa/m). When the fractures have lower fracture stiffness, multiple reflections between the fractures become stronger and hence promote the wave superposition. Therefore, the VAF near the free surface becomes higher. When the fractures have higher fracture stiffness, there is less reflection between the fractures and hence wave superposition becomes weaker. When the fracture stiffness approaches infinity, the fracture behaves as a welded boundary and hence no reflection occurs on the fracture boundary. The fractured zone hence behaves as a homogeneous and isotropic rock, and the wave only reflects at the free surface and the velocity amplitude of the wave just gets doubled. Cichowicz et al. (2000) stated that ground support system applied on excavations influences the site amplification. One of the reasons could be because support system has affected the development of fractures near excavations and also increases the fracture stiffness by reinforcing and providing confinement on the fractured rock. In fact, the observed vibrations of ground support suggest that some portion of impacted energy into the ground support will be returned to the surrounding rock, which implies that only a fraction of the strong ground motion energy imparted to a support unit is absorbed through permanent deformation (Cichowicz 2001; Shirzadegan et al. 2016) . The percentage of energy transferred to rock support under seismic conditions is dependent on the state of fractured rock. If the rock is less fractured, most of the energy could be transferred back to the surrounding rock. Therefore, to reduce the site amplification and lower the energy transferred to ground support under dynamic loading conditions, strong and stiff support system might be helpful and even better than weak and deformable support which allows fracture development. However, this idea is proposed from wave amplification and energy transfer point of view. It has to be applied with care as to certain extent deformable support system has to be used to handle large deformation and absorb the kinetic energy from loose rock block due to its advantage of larger energy absorption and deformation capacities.
VAF and its Application in Rock Support Design
When designing rock support in burst-prone ground, the dynamic demand on the rock support is most often expressed in terms of kinetic energy which is a function of the mass in motion and the ejection velocity at which the mass is moving. If a rock ejection is caused by a remote seismic event and the kinetic energy is transferred from the event, according to the Rockburst Support Handbook (Kaiser et al. 1996) , the key steps in assessing the ejection velocity for a particular area in a mine are:
• Examine the seismicity records at the mine to establish the spatial and temporal distributions of seismic events; • Choose a location of a design event;
• Select a design magnitude for the seismic event;
• Select appropriate scaling law parameters for predicting the PPV and hence, the ejection velocity.
In the last step, the value of the ejection velocity is assumed to be equal to PPV. However, the particle velocity is affected by local features such as the intensity of fracturing, and the zone of influence of support elements near excavations, which is called site effect (Cichowicz et al. 2000) . By explicitly considering a fractured zone and a free surface in the theoretical model, the site effect was investigated quantitatively and a VAF chart was proposed in this paper. As the scaling law approach for PPV estimation is a semi-empirical approach and it assumes that the ground is isotropic and not dominated by internal discontinuities causing strong reflections (Kaiser and Cai 2013) and it does not consider the effect of the excavation surface, it needs to be combined with the VAF chart when used in rock support design incorporating the effects of velocity amplification. The PPV at the free surface of an excavation can be expressed as where PPV Surface is the peak particle velocity at the free surface, PPV SL is the peak particle velocity calculated using the traditional scaling laws.
In addition, PPV alone has been challenged as being a good predictor for seismic damage estimation (Cichowicz et al. 2000) or a suitable parameter for rock support design (Mikula 2012) as it ignores significant factors such as wave frequency and the fractured zone near the excavation surface. Using the chart in Fig. 10 , the combined effects of fracture spacing, number of fractures (depth of fractured zone), fracture stiffness and wave frequency on the velocity amplification are considered. As there is still lack of a better alternative to PPV for rock support design, it is wise to combine the PPV SL calculated using the traditional scale laws and the VAF, as a first step, to account for the most significant influential factors on velocity amplification at the free surface of an excavation.
As this theoretical model only examines the one-dimensional motion of the material, the effect of the excavation geometry, regional support systems such as pillars and backfill on velocity amplification, which is called structural effect (Cichowicz et al. 2000) , was not considered in this paper. Furthermore, the fracture deformation was described by a linearly elastic model in this study, but the complete deformational behaviour of rock fractures is generally nonlinear. The fracture stiffness could be low when they are initially compressed under compressive seismic wave loading and then increase with the increase of contact stresses. The nonlinear deformational behaviour of fractures was not investigated in this study.
As an initial study, the theoretical chart proposed for estimating the velocity amplification could be used for local seismic hazard assessment and rock support design in rockburst conditions, especially where the rock support is designed to prevent damage from remote seismic events. Since the theoretical model is developed using simplifications, there are limitations of the results as mentioned above. A two-dimensional and a three-dimensional numerical model are going to be constructed to investigate the combined effects of free surface, fractures with various orientations, geometry of an excavation and ground support. In addition, a comprehensive field monitoring programme has been started, and field data have been collected and is under investigation . The chart will be further (25) PPV Surface = PPV SL ⋅ VAF, improved after the numerical models are calibrated using the collected field data.
Conclusions
Velocity amplification was theoretically investigated in this paper using the method of characteristics and the displacement discontinuity model. The dynamic interaction between fractured rock and a free surface was studied using the theoretical model. The results have shown that the interaction of the seismic wave, free surface and fractured zone near the free surface strongly influences the ground motion and the particle velocity at the free surface of the theoretical model can be amplified compared to the incident wave amplitude. The main factors affecting the velocity amplification are wave frequency, fracture stiffness, fracture spacing and fracture numbers (thickness of fractured zone).
The velocity amplification factor (VAF), defined as the ratio of the wave amplitude at the free surface of the theoretical model and the incident wave amplitude, has been studied. Various parameters in a real environment have been chosen and the normalized variables have been investigated. Quantitative relationships between the various influential factors and the corresponding VAF were developed. The VAF can be as high as 3.77 within the studied parameter range.
As a consequence, the velocity amplification phenomena should be taken into account during the assessment of the local seismic hazard and rock support performance, especially where the rock support is designed to prevent damage from remote seismic events. Using the theoretical model to investigate the response of fractured rock from a remote seismic event, the authors proposed a new approach to obtain VAF for improving support design under seismic conditions. The relationships between the VAF and the normalized influential parameters and the procedure to select VAF were summarized and presented. As there is still lack of a better alternative to PPV for rock support design, it is wise to combine the PPV SL calculated using the traditional scale laws and the VAF, as a first step, to account for the most significant influential factors on velocity amplification. It is anticipated that such relationships can provide criteria to improve the current design procedures and help mining engineers to improve their rock support practice for rockburst-prone areas.
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